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We show that axion models with the domain wall number k in (3 + 1) dimensions, i.e., periodic
scalar field theories admitting k axion domain walls, exhibit an emergent Zk 3-form symmetry for
k > 1 in addition to a conventional Zk 0-form symmetry. The emergent 3-form symmetry is explicitly
shown by establishing a low-energy dual transformation between the scalar field theory and a 3-form
gauge theory. We further argue that the emergent 3-form symmetry is spontaneously broken, and
the breaking pattern is so-called the type-B spontaneous symmetry breaking. We discuss similar
and different points between the phase admitting the domain walls and topologically ordered phases.
I. INTRODUCTION
Classifying states of matter is one of the most impor-
tant problems in modern physics. Spontaneous symme-
try breaking separating ordered and disordered phases is
one key ingredient for that purpose, and the Ginzburg-
Landau theory based on local order operators offers a
ubiquitous tool. For the Ginzburg-Landau theory, the
symmetries act on local operators such as fields at points
in spacetime.
Recently, a more general notion, higher-form symme-
tries, was proposed [1–3] (see earlier references [4–6] and
related topics [7]). The higher p-form symmetries are
symmetries under transformations of p-dimensional non-
local operators such as Wilson loops (p = 1), world sur-
face of vortices (p = 2), and so on. In terms of the
higher-form symmetry, more general phases can be clas-
sified beyond the Ginzburg-Landau theory.
As applications, phases admitting topological solitons
can be classified in terms of higher-form symmetries as-
sociated to the solitons. Here, topological solitons are
classical solutions in field theories that have topological
charges. For example, fractional quantum Hall states
in (2 + 1) dimensions and s-wave superconductors in
(3 + 1) dimensions are identified as broken phases of dis-
crete p-form and (D − p − 1)-form symmetries [1–3] for
(D, p) = (3, 1) and (4, 1), respectively. For the s-wave su-
perconductors, the extended objects are a 1-form world-
line and a 2-form worldsheet, which represent the tra-
jectory of an electron and an Abrikosov–Nielsen–Olesen
vortex [8, 9], respectively. While both of them have been
known as topologically ordered phases because the ex-
tended objects lead to non-trivial braiding statistics [10–
13], they can now be understood in terms of the sponta-
neous symmetry breaking.
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Once the above two cases can be understood in terms
of the symmetry, they can be further classified as so-
called type-B spontaneous symmetry breaking [14–20],
since the charged object that is the order operator is also
the symmetry generator. In particular, the low-energy
effective theories are written in the topological quantum
field theories with first-order temporal derivative terms.
For s-wave superconductors, a BF theory [21, 22] is a
low-energy effective theory, which is obtained by a dual
transformation of an Abelian-Higgs model with magnetic
vortices. In the BF theory, a 2-form gauge field couples
to the magnetic vortices [23, 24] (see also Ref. [25] as a
recent reference). We can see that a Wilson loop and a
vortex world sheet can have a nontrivial linking phase.
A generalization to non-Abelian (color) superconductors
has been recently discussed [26–28].
One of the natural questions may be whether there ex-
ists an ordered phase characterized by domain walls in-
stead of vortices in the s-wave superconductor 1. Domain
walls appear in many contexts in physics, e.g., magnetic
domain walls in condensed matter, axionic domain walls
in cosmology, branes in string theory. They can be topo-
logical solitons. Domain walls in the Φ4 and sine-Gordon
models are typical examples.
In this paper, we focus on axion models with the do-
main wall number k that are periodic scalar field theories
admitting k axion domain walls in (3 + 1) dimensions.
We show that there are non-local order parameters given
by a domain wall worldvolume and two points where the
scalar field is locally put. They develop non-zero vacuum
expectation values (VEVs). We find that the correlation
function of the order parameters has a fractional phase
if the two points are separated by the domain wall, that
is, the domain wall worldvolume and the two-point oper-
ators are linked.
The correlation function can be evaluated by using
1 In a spin system, a topologically ordered phase due to the domain
wall condensation has been discussed [29].
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2a dual 3-form gauge theory. Such 3-form gauge the-
ories in (3 + 1) dimensions have been considered in
many contexts, e.g., quantum chromodynamics [30–35],
the strong CP problem [36, 37], the cosmological con-
stant problem [33, 38–43], inflationary models [37, 44–
52], string effective theories [53–61], supersymmetric field
theories [62–86] (see Refs. [87–89] as a review). We show
that the topological charge of the domain walls is coupled
with the 3-form gauge field in a low-energy limit. This
dual 3-form gauge theory can be described by a topo-
logical action of the 3-form gauge field and the original
scalar field. Then, we show that there are spontaneously
broken Zk 0-form and Zk 3-form symmetries, with non-
trivial commutation relation between them, thereby char-
acterized by the type-B symmetry breaking [14–20] as a
natural extension of s-wave superconductors. We further
discuss similar and different points between the phase
admitting the domain walls and topologically ordered
phases.
This paper is organized as follows. In section II, we
give a low-energy effective theory of a system of a pe-
riodic scalar field that admits domain walls. In section
III, we dualize the low-energy effective theory to a 3-
form gauge theory with a topological coupling between
the 3-form gauge field and the original periodic scalar
field. We further show that the low-energy limit is de-
scribed by the topological field theory with the topolog-
ical coupling. By using the dual topological field theory,
we show in section IV that there is an emergent Zk 3-form
global symmetry whose charged object is a domain wall
worldvolume, and the 3-form symmetry is spontaneously
broken. We further show that the symmetry breaking
pattern is classified as a type-B spontaneous symmetry
breaking. In section V, we discuss similar and different
points between the phase with domain walls and topo-
logically ordered phases. In section VI, we comment on
an emergent 3-form symmetry in the Φ4 model. Finally,
we summarize this paper in section VII.
II. EFFECTIVE THEORY OF DOMAIN WALL
Here, we show how the system with domain walls can
be described in low-energy effective theories. First, we
consider a theory that admits a domain wall solution. We
introduce a scalar field φ which obeys the 2pi periodicity:
φ(P) + 2pi ∼ φ(P), (1)
where P denotes a point in the spacetime. Note that
the mass dimension of the scalar field is normalized as 0.
Since adding 2pi to φ is redundant, the physical observ-
ables made of φ are functions of eiqφ with q ∈ Z in order
to make them invariant under the redundant transforma-
tion in Eq. (1).
Now, we give an action which admits a stable domain
wall2:
S = −
∫
( v
2
2 |dφ|2 + V (φ) ? 1). (2)
Here, v is a mass-dimension 1 parameter. The potential
V (φ) is a periodic function V (φ + 2pi/k) = V (φ) with
k ∈ Z. The minima of V are given by φ = 2pin/k with
V (2pin/k) = 0, V ′(2pin/k) = 0, and V ′′(2pin/k) > 0,
where n ∈ Z mod k. An example of V (φ) can be V (φ) =
V0(1 − cos kφ), which is known as a sine-Gordon model,
but we do not specify the detail of the potential.
The action has a Zk global symmetry of the scalar
field, eiφ → ωeiφ, where ω ∈ Zk. This discrete symmetry
is spontaneously broken. Domain walls are introduced as
configurations, which connect different minima.
In the presence of the domain walls, the topological
charge of the domain walls can be given by
Q(P∞,P ′∞) =
k
2pi
(φ(P∞)− φ(P ′∞)) =
k
2pi
∫ P∞
P′∞
dφ, (3)
where P∞ and P ′∞ are points at infinity. Because of the
redundancy in Eq. (1), the topological charge should be
Q(P∞,P ′∞) ∈ Z mod k in other words,
e
2pii
k Q(P∞,P′∞) = exp
(
i
∫ P∞
P′∞
dφ
)
(4)
is physical. Note that the integration of dφ around a
closed loop C, ∫C dφ is invariant under the identification
in Eq. (1). The topological nature of Q(P∞,P ′∞) is that
Q(P∞,P ′∞) is not changed under small deformations of
P∞ or P ′∞ which do not pass through the domain walls.
Now, we consider the low-energy limit in order to see
the phase structure of the system. Generally, domain
walls have a finite width. However, the width can be
neglected in the low-energy (long-range) limit. To de-
scribe low-energy dynamics, we split φ into the domain
wall part φW and the fluctuation part φF: φ = φW +φF.
We assume the boundary condition of φW and φF are
φW|∞ = φ|∞, φF|∞ = 0, (5)
where ‘|∞’ stands for the value at infinity.
In order to describe domain walls in the low-energy
effective theory, φW is introduced as
dφW =
2pi
k
∑
i
δ1(Vi). (6)
Here, Vi (i = 1, 2, 3, ...) denotes a 3-dimensional subspace
of the core of the i-th domain wall. The δ1(Vi) is a delta
function 1-form given by
δ1(Vi) = mnpq
3!
dxq
∫
Vi
dym ∧ dyn ∧ dypδ4(x− y). (7)
2 We use differential form notation: d and ? denote the exterior
differential and Hodge’s star operator, respectively. In particular,
the density 4-form d4x can be given by ?1.
3Since the domain walls are described by the delta func-
tion, the topological charge in Eq. (4) can be described
by two points in the spacetime P and P ′ except for the
core of the domain walls:
e
2pii
k Q(P,P′) = eiφW(P)−iφW(P
′)
= ei
∫ P
P′ dφW = e
2pii
k
∑
i link ((P,P′),Vi)
(8)
Here, link ((P,P ′),Vi) denotes the linking number of the
two points (P,P ′) and Vi. The “linking” of (P,P ′) and
Vi means that we cannot move P continuously to P ′ with-
out passing through Vi. The domain wall part φW consis-
tently gives us the topological charge in Eq. (3) because
of the boundary conditions in Eq. (5).
In the presence of the domain walls, the low-energy
effective action can be given by the fluctuations around
the configuration of the domain walls. Up to the second
order of fluctuation φF = φ−φW, the low-energy effective
action is given by
Seff = −
∫ (
v2
2
|dφ|2 + λ
4
2
(φ− φW)2 ? 1
)
, (9)
where we have defined λ4 = V ′′(2pin/k).
III. DUAL 3-FORM FORMULATION
In order to show the topological aspects, we dualize
the action in Eq. (9) into a 3-form gauge theory. We can
rewrite Seff by introducing a Lagrange’s multiplier c3 and
an auxiliary scalar f with 2pi periodicity f + 2pi ∼ f :
Seff,1st =−
∫ (
v2
2
|dφ|2 + λ
4
2
(φ− f)2 ? 1
)
+
k
2pi
∫
c3 ∧ d(f − φW),
(10)
with the boundary condition f |∞ = φW|∞. Note that
the normalization of c3 is determined so that the coupling
of c3 and the domain walls are normalized. The action
Seff,1st is invariant under the gauge transformation of the
3-form: c3 → c3 + dλ2 with an arbitrary 2-form λ2.
The equation of motion for c3 with the boundary con-
dition leads to f = φW, and we return to the original
action Seff . Instead, if we eliminate f by substituting its
equation of motion, f = φ− k/(2piλ4) ? dc3, into Seff,1st,
we reach the dual action with domain walls:
Sdual =−
∫ (
v2
2
|dφ|2 + k
2
8pi2λ2
|dc3|2 − k
2pi
c3 ∧ dφ
)
+
k2
4pi2λ2
∫
d(c3 ∧ ?dc3) +
∑
i
∫
Vi
c3. (11)
Here, the term |dc3|2 is the kinetic term of the 3-form
gauge field, and the term d(c3∧?dc) is the boundary term
for the kinetic term. Note that the boundary term is gen-
erally necessary in order to have an energy-momentum
tensor consistent with the equation of motion for c3 [39–
43, 83, 84].
The dual transformation naturally gives us the electric
coupling of the domain walls to the 3-form gauge field.
We can identify the domain wall worldvolume operator
by the dual action as exp(i
∫
V c3).
In the low-energy limit, we can neglect the kinetic
terms of the scalar field and the 3-form gauge field as
well as the boundary term for the kinetic term since the
system is gapped. Therefore, the system can be described
by the topological action
Stop. =
k
2pi
∫
c3 ∧ dφ, (12)
together with the domain wall worldvolume operators.
We can anticipate that the symmetry breaking pattern
is so-called type-B spontaneous symmetry braking, since
the topological action is given by a first order temporal
derivative term, c3 ∧ dφ ∼ c123∂0φ. The topological ac-
tion is quite similar to the BF action [21, 22]. Thus, we
expect that the system described by Stop. has topologi-
cally non-trivial properties, since the BF action describes
a topologically ordered phase, e.g., superconductors [13].
IV. HIGHER-FORM SYMMETRY BREAKING
To show the symmetries of the system and their break-
ing, we evaluate a correlation function of the topological
action. In the quantum theory, the observables are one-
point operators and the domain wall worldvolume oper-
ators
I0(q;P) = eiqφ(P), D(p;V) = eip
∫
V c3 , (13)
respectively. Here, P denotes a point in the spacetime.
Both of the charges p and q are integers, since the charge
p of the domain wall worldvolume operator is quantized
by the topological charge, and the charge q of the one-
point operator is quantized due to the 2pi redundancy in
Eq. (1). In order to capture the topological charge of
the domain walls, we introduce the following two-point
operator
I(q;P,P ′) = eiqφ(P)−iqφ(P′) (14)
as in Eq. (3) rather than I0(q;P). In general, it is difficult
to say whether there is a domain wall or not by using only
one point operator I0(q;P), since domain walls are gen-
erally non-compact, and do not surround the one point
operator.
The correlation function can be evaluated by using
Stop. as
〈I(q;P,P ′)D(p;V)〉 = e− 2piiqpk link ((P,P′),V). (15)
One can also show the VEVs of the domain wall world-
volume and two-point operators are non-zero:
〈D(p;V)〉 = 〈I(q;P,P ′)〉 = 1. (16)
4The relation in Eq. (15) shows that there is a fractional
linking phase between the domain wall worldvolume and
two-point operators. Furthermore, Eq. (16) means that
the VEVs of the non-local objects are non-zero.
The fractional linking phase as well as non-zero VEVs
of the non-local operators in the long range (low en-
ergy) limit can be seen as spontaneously broken Zk 0-
and 3-form symmetries. For the 0-form symmetry, the
charged object is I(q;P,P ′) and the symmetry genera-
tor is D(p;V). The Zk transformation is generated by
〈D(p;V)I(q;P,P ′)〉 = e− 2piiqpk link ((P,P′),V)〈I(q;P,P ′)〉.
(17)
For the 3-form symmetry, the charged object is D(p;V)
and the symmetry generator is I(q;P,P ′). The Zk trans-
formation is generated by
〈I(q;P,P ′)D(p;V)〉 = e− 2piiqpk link ((P,P′),V)〈D(p;V)〉.
(18)
This 3-form symmetry is an emergent symmetry in
the low-energy effective theory. Both of D(p;V) and
I(q;P,P ′) are topological because of the relation in
Eq. (16). Therefore, both of 0- and 3-form symmetries
are broken spontaneously, since the charged objects de-
velop non-zero VEVs as in Eq. (16).
This symmetry breaking can also be seen in the type-
B spontaneous symmetry breaking viewpoint. First, the
breaking of the 0- and 3-form symmetries can be classified
into the type-B spontaneous symmetry breaking, since
the order parameters are symmetry generators. Sec-
ond, we can choose the ground state as an eigenstate of
the symmetry generators, that is, the order parameters.
Since the symmetry generators are unitary operators, the
eigenvalues of the charged objects are non-zero. There-
fore, the VEVs of the order parameters are finite.
V. COMPARISON TO TOPOLOGICAL
ORDERED PHASES
We have seen that there exist spontaneously broken
discrete 0- and 3-form symmetries, and the charged ob-
jects are the symmetry generators. The symmetry break-
ing pattern is quite similar to the ones in topologically or-
dered phases in fractional quantum Hall effects (FQHE)
in (2 + 1) dimensions and s-wave superconductors in
(3 + 1) dimensions. In those systems, the charged ob-
jects are also symmetry generators. Therefore, we con-
clude that the phase admitting the domain walls is a
generalization of the topologically ordered phase.
However, there are different points between our system
and the previously known topologically ordered phases
due to the dimensions of the charged objects. One is
the ground state degeneracy on a compact spatial man-
ifold. On one hand, the FQHE and s-wave supercon-
ductors lead to ground state degeneracy depending on
the topology of the compact manifold, since the Wilson
loop and vortex surface operators can capture the non-
trivial cohomology classes of the compact manifolds. On
the other hand, the domain wall system always leads to
ground state degeneracy because the domain wall world-
volume can always wrap the three-dimensional compact
orientable manifold.
Another different point is whether the braiding phase
exists or not. In the FQHE and s-wave superconductors,
there can be braids of the charged objects that represent
trajectories of anionic excitations, since the charged ob-
jects are extended objects. However, in the domain wall
case, there cannot be braids of the charged objects, be-
cause the two-point operators are not extended objects.
VI. OTHER DOMAIN WALLS
In the above discussions, we have considered the do-
main walls made of the periodic scalar field. However, do-
main walls can arise without periodicity, e.g., Φ4 model.
We will show that there is also an emergent 3-form
discrete symmetry spontaneously broken in the gapped
phase.
We consider a Lagrangian of a real scalar field Φ
SΦ = −
∫ (
1
2
|dΦ|2 + α
4
(Φ2 − v2)2
)
? 1 (19)
with a positive parameter α. The action has a Z2 0-
form symmetry under the transformation Φ → −Φ. In
the spirit of the generalized global symmetry, the ex-
istence of the Z2 0-form symmetry implies the exis-
tence of a topological operator U(σ,V) parameterized by
σ ∈ Z2 = {1,−1} and a 3-dimensional closed surface V.
The transformation law is given by
〈U(σ,V)Φ(P)Φ(P ′)〉 = σ link ((P,P′),V)〈Φ(P)Φ(P ′)〉.
(20)
In the Φ4 model, there are two vacua characterized by
〈Φ〉 = ±v and 〈dΦ〉 = 0. Since the vacua are gapped,
the correlation function of Φ, 〈Φ(P)Φ(P ′)〉 = v2, and
〈(dΦ(P))Φ(P ′)〉 = 0 in the long range limit. There-
fore, the two-point operator Φ(P)Φ(P ′) is a topologi-
cal operator. This implies that the two-point operator
1
v2Φ(P)Φ(P ′) becomes a symmetry generator of a Z2 3-
form global symmetry: the charged object is U(σ,V), and
the transformation law is a Z2 transformation given by
1
v2
〈U(σ,V)Φ(P)Φ(P ′)〉 = σ link ((P,P′),V)〈U(σ,V)〉, (21)
where P,P ′ and V are sufficiently separated. Since
〈U(σ,V)〉 = 1v2 〈Φ(P)Φ(P ′)〉 = 1, the 3-form global sym-
metry is spontaneously broken.
Ferromagnets with easy axis potential allow magnetic
domain walls, which can be described in the massive CP 1
model with ground states at north and south poles (see,
e.g., [90]). If we restrict the trajectory to a great cir-
cle, the model is reduced to the sine-Gordon model with
k = 2. It is open question whether the massive CP 1
model, CPN−1 or Grassmannian generalization [91] ex-
hibits topological orders.
5VII. SUMMARY
We have shown that there is an emergent Zk 3-form
global symmetry spontaneously broken in a gapped phase
admitting domain walls. The symmetry generator and
the charged object for the 3-form symmetry are a two-
point operator and a domain wall worldvolume operator,
respectively.
In order to show the existence of the 3-form symmetry
and its breaking, we have established the dual 3-form for-
mulation of the massive periodic scalar field. In the dual
formulation, we have evaluated the correlation function
of the two-point and domain wall worldvolume opera-
tors. The correlation functions can be characterized by a
fractional linking phase, and both the domain wall world-
volume and two-point operators develop finite VEVs.
The phase can be characterized by a spontaneous
breaking of the Zk 0-form and 3-form global symme-
tries with nontrivial commutation relation between them,
thereby characterized by the so-called type-B symme-
try breaking. This phase is similar to the conventional
topologically ordered phase in the sense of the symmetry
breaking pattern as well as the fractional linking phase,
while the different points are quasi-particle excitations
and ground state degeneracy on a compact spatial man-
ifold, due to the spatial dimensions of symmetry genera-
tors. Obviously, our analysis can be generalized to (d+1)
dimensions, by replacing the worldvolume operator c3 by
cd, although we focused on the axion models in (3 + 1)
dimensions.
There are several avenues for future work. In particu-
lar, our result has an implication to a domain wall prob-
lem in axion cosmology, since topologically non-trivial
case, k > 1, corresponds to the case admitting stable
axion domain walls causing the domain wall problem.
For that purpose, a dual transformation including axion
strings as well as axion domain walls is needed, which we
address elsewhere.
Note added. While this work was being completed,
we received Ref. [92] where spontaneous breaking of a
discrete 3-form global symmetry was considered in Yang–
Mills theories.
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